Lecture 4: Limit of Sequence
Mathematical Analysis

1 Convergent Sequences

Definition 1.1 (Convergent Sequence). [det:convergent-sequence] A sequence a : Ny — F) where F
is a ordered field, is said to be convergent if

3 € F,Ve € By, 3N €Ny, vn €Nyl n > N,[d(ay, 0) < ¢

Remark 1.1 (The e-N Challenge). (rem:epsilon-n-challenge] A value £ passes the e-N challenge if
for any proposed € > 0, there exists an index N € N; such that for all n € Ny with n > N,
d(anp, ) < e

Remark 1.2. In the [The e-N Challenge], the value of N may depend on the choice of . And the
value N may be not unique (ie, N’ > N also works)

Theorem 1.1 (Uniqueness of Limit). [thn:linit-uniqueness] Let F' be an |ordered field, a : Ny — F,
and ¢1,0y € F'. Then

(Vs € By, AN € Ny, Vn € Ny, n > N, |d(an, l;) < 5)

A
(Ve € Fy, 3N € Ny, Vn € Ny, n > N, |d(a,, l>) < €)
— (] =/

Proof. Assume for contradiction that ¢ # ¢5. Set

d(ly, ls)
5

Since ¢ # {5, we have ¢ > 0

By the hypothesis for ¢, there exists N; € Ny|such that for all n > Ny, [d(a,, ¢1) < €. Similarly,
there exists Ny € Nj such that for all n > Ny, [d(a,, ls) < €

Let N =max(N;, N3). For any n > N, both hypotheses hold:

d(anp, l1) <e and d(a,,ls) <e
By the triangle inequality for distance applied via the intermediate point a,,,
d(ly, ) < d(ly,a,)+ d(ay, ls) = d(ay, l1) + d(ap, l2),
where the last equality uses symmetry of distance. Combining,
d(ly,ly) < d(ap, 1)+ d(ay, ls) < 2e = d(ly, ls),
a contradiction. Hence ¢; = ¢, O

Remark 1.3 (Compact Form Using 3!). [rem:1imit-uniqueness-compact] Combined with the existence
from the [definition of convergent sequence] this theorem states: if a is convergent, then there
exists a unique such ¢:

A e F, Ve € K, AN € Ny, Vn Ny n > N,|d(a,,l) < €.

Here d! is shorthand for “existence and uniqueness”; it should be formally introduced in 1lec01 as
a FOL convention before being used
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2 Convergence Challenge Functions

Definition 2.1 (Convergence Challenge Function). [des:convergence-challenge-function] A function
g : Rt — Ry is a convergence challenge function if it satisfies two conditions:

e Positivity on positives: Yy € Ry, g(v) > 0

o Arbitrarily small values: V5 € Ry, Iy € Ry, g(y) < 6

Remark 2.1 (Intuition: Covering Arbitrarily Small Positives). [rem:challenge-intuition] We only need
arbitrarily small error bounds: a smaller bound automatically satisfies every larger tolerance

Theorem 2.1 (Convergence Challenge Replacement). [thm:convergence-challenge-replacement] Let g be
a |convergence challenge functionl, and let a : Ny — X be a sequence in a metric space (X,d).
Then

(3¢ e X, Ve e Ry, AN € Ny, Vn € Ny, n > N, d(ay, () < ¢)
<
(EIE € X,Ve e Ry, AN € Ny, Vn € Ny, n > N, d(ay, {) < g(e))

Proof. Fix the witness ¢ € X in either direction

(=) For € > 0, the positivity-on-positives condition gives g(¢) > 0. Apply the left-hand condition
at the tolerance g(e)

(<) For € > 0, the [challenge-function property of gl gives v > 0 with g(v) < . The hypothesis
at v gives N such that

d(am, 0) < g(y) <e foraln>N
[

Corollary 2.1 (Equality via Challenge Functions). [cor:equality-challenge-replacenent] Let g be a
|convergence challenge function|, and let x,y € X in a metric space (X,d). Then

r=y <= Ve e Ry, d(z,y) <g(e)

Proof. (=) If z =y, then d(z,y) =0 < g(e) for every € > 0
(<) If © # y, then d(z,y) > 0. The challenge-function property gives v > 0 with g(v) < d(x,y),
contradicting d(z,y) < g(v). Hence z =y O

Lemma 2.1 (Restricting to Small Tolerances). [lem:restricting-to-small-tolerances] Fixr e R+. The
function
g : Ry — Ry =~ +— min(y, r/2)

18 a|convergence challenge function

Proof. For every v > 0, 0 < g(y) < r/2 < r. For every 6 > 0, choose v = §/2 > 0; then
g(v) <06/2<0 O

Remark 2.2 (Restricting the Tolerance). [rem:restricting-the-tolerance] Since 0 < g(y) < r for v > 0,
lchallenge replacement| lets us check VO < ¢ < r instead of Ve > 0, for any fixed r > 0, eg,
Voi<e<1

Lemma 2.2 (Linear Scaling). rien:linear-is-challenge]l For any ¢ € R with ¢ > 0, the function
g : Ry —Ry=v+ c-v s al|convergence challenge function)

Proof. We verify both conditions

Positivity on positives. For any v € R/ with v > 0, both ¢ > 0 and v > 0,s0 g(y) =c-v >0
Arbitrarily small values. Fix any 6 € R with § > 0. We seek v € R with v > 0 and g(v) < ¢
Take v = 0/(c + 1), which is derived in remark 2.3] Since § > 0 and ¢+ 1 > 0 (because ¢ > 0),
we have v > 0

Now ¢g(y) =c-y=c¢-6/(c+1). Since ¢ < ¢+ 1, we have ¢/(c+1) < 1, hence c-0/(c+1) <o O
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Remark 2.3 (Deriving the Witness for Linear Scaling). [rem:1linear-scaling-witness-derivation] To find
the witness v used in the proof of [lemma 2.2 we start from the target inequality g(v) < ¢ and

manipulate it to isolate ~:
o
g(7) < = c- 7<) = y<-.
c

Any v in the open interval (0, g) will therefore satisfy g(v) < . To pick a concrete such 7, we
use the fact that ¢+ 1 > ¢, which gives

)
c+1

(=%

< —.
C

Hence we may take v = d/(c+ 1) as the witness

Remark 2.4 (Why C S 0 is Excluded). [rem:linear-scaling-cnonpos] If ¢ S O, then for any vy e R
with v > 0, g(y) = ¢+ < 0. This violates the positivity-on-positives condition, so g is not a
[convergence challenge function|

Lemma 2.3 (Power). [len:pover-is-chalienge] For any positive integer k, the function g : Ry —
R = v+ ~F is a|convergence challenge function|

Proof. Both conditions follow by induction on k. Positivity: v* > 0 for v > 0. For arbitrarily
small values, take v =min(5/2, 1/2), so v > 0 and v < 1; induction gives ¥ <y <4§/2 < O

Lemma 2.4 (Summation). [ien:sun-is-chaiienge]l Let f, g be|convergence challenge functions, and
suppose both are monotone increasing (i.e. v <y — f(zx) < f(y), and similarly for g). Then

f+g, defined by (f +g)(v) = f(v) + 9(7), is a|convergence challenge function|

Proof. Positivity is immediate from f(7), g(v) > 0. For § > 0, pick vq,7v2 > 0 with f(71), g(72) <
d/2; set v =min(v1,v2). Monotonicity gives (f + ¢)(7) < f(711) + g(72) <6 O

Lemma 2.5 (Composition). [ien:challenge-composition] Let f, g be|convergence challenge functions,

and suppose f is monotone increasing (i.e. v <y = f(x) < f(y)). Then fog is a|convergencd
[challenge function)

Proof. Positivity: f(g(vy)) > 0 since g() > 0 and f preserves positivity. For 6 > 0, pick n > 0
with f(n) < d, then v > 0 with g(y) < 7. Monotonicity of f gives (fog)(y) < f(n) <o O

Lemma 2.6 (Reciprocal). [lem:reciprocal-is-challenge] The function g R+ — R+ =t 1/t 1S a
[convergence challenge function|

Proof. For t >0, g(t) =1/t > 0. Given § > 0, choose t =2/§ > 0, s0 g(t) =0/2 < 0 O

Theorem 2.2 (Closed Form of Convergence). [tun:convergence-closea-fornl Let F' be an |ordered field,
let a 1Ny — F. Then

(Elé € F,Ve € By, AN € Ny, Vn € Ny, n > N,|d(an, () < 5)
<~
(EI€ € F,Ve € Fy, IN € Ny, Vn € Ny, n > N, |d(a,, () < 6)

Proof. (=) Ilf d(ay,?) < e, then d(a,, () < ¢
(<) Fix the witness ¢ € F. For any ¢ € Fy, apply the right-hand condition at £/2 > 0 to obtain
N € Ny such that

n>N = d(a, ) <e/2<c¢
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3 Limit of a Sequence

Definition 3.1 (Limit of a Sequence). [des:1init] Let F' be an ordered field. We say the sequence
a: Ny — F has a limit of ¢ € F if

Ve € F, AN € Ny, Vn € Ny, n > N, d(a,, () < &

Redirect (Converges To) [aet:converges-to]

Moved to |definition 3. 1,

Definition 3.3 (Set of Convergent Sequences). [det:convergent-sequences-set] Let F' be an ordered
field. The set of convergent sequences in F is

Conv(F') ={a : Ny — F'| a is [convergent]}

LaTeX: \Conv (F)

Definition 3.4 (Limit Operator). [des:1init-op) Let F' be an ordered field. The limit operator is
the function

lim': Conv(F') — F' = a > the unique ¢ € F' such that dhas a limit off
We write
lim(a) = ¢
The input is the whole sequence, rather than an individual term
LaTeX: \seqlim (a)

Redirect (Limit of a Sequence) [aet:1init-of-sequence]

Moved to |definition 3.4

Remark 3.1 (Well-Definedness of the Limit). (rem:limit-weil-desineal The function lim in
[tion 3.4 is well-defined for two reasons:

e Fvery input has an output: for every a € Conv(F'), the |definition of convergent sequence]

guarantees some ¢ € F' with
e Fvery input has exactly one output: by [theorem 1.1} this ¢ is unique

Theorem 3.1 (Addition of the Limit). [thm:linit-addaition] Let F be an ordered field, and let
a,b €Conv(F). Then

lim(n +— ay + by) = lim(a) + 1im(b)
Proof. We want to prove

Vee Frp, AN €Ny, Vn €Ny, n > N —
| @y + by — lim(a) — lim(b) | < e

According to the [definition of a limit], for every ¢ € Fy, there exist N,, N, € Ny such that, setting
Ny =max(N,, Ny), both estimates hold for n > Ny;:

|y —lim(a)| <e A |by—lim(b)| < e
Therefore, by the triangle inequality for distance,
|ty + by — lim(a) —lim(b) | < | ay —lm(a) |+ | by — Hml(d) |
<ete=2-¢

For any § € Fy, apply the preceding estimate with ¢ = §/2 > 0. The error is then less than
2-(0/2) =4, so
lim(n — ap + by) = lim(a) + lim(b)
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Theorem 3.2 (Multiplication of the Limit). (thn:linit-muitiplication] Let F' be an ordered field,
and let a,b € Conv(F). Then

lim(n +— ag - by) = lim(a) - Tim/(b)
Proof. For n — ay - by, we want to show that lim(a) - lim(b) is its limit, ie,

Vee Fr, AN €Ny, Vn €Ny, n > N =
| Gy - by — lim(a) - limi(b) | <

According to the [definition of a limit], for every € € Fr, there exist N,, N, € Ny such that

n >N, = |a,—lim(a)| < ¢,
n>N, = |by—lim(b)| < e

Let Ny =max(N,, Ny). Then, for every n > Ny, both inequalities hold
Adding and subtracting lim(a) - b,, we have

| @y - by — lim(a) - lim(b) |
= ||ty - by —1iml(a) - by +lim(a) - by — lim(a) - lim(b) |
< |y - by —lim(a) - by | + [lim(a) - by —lim(a) - lim(d) |
= by |- | ay —lim(a)| + |lm(a) | - | by — lim(b) |
The inequality uses the ftriangle inequality for distance
Therefore, when n > N,
| Gy - by — limi(a) - lml(0) | < |bp| - € + |lim(a)| - e
=c- (|bn| + |lim(a)|)

Since all [convergent sequences are bounded, choose a strict bound M’ € F such that Vn €
Ny, |ba| < M’ and let M =mmax(M’,1). This bound is independent of . Hence M > 1 and

|y - by — lim(a) - Lm(b) ]| < e - (M + [ lim(a)|)
For any 0 € F, apply the preceding estimate with

J

:M+|lim(a)| >0

€

Since M is independent of the tolerance, the error is then less than §. Therefore,
lim(n +— ay - by) = lim(a) - 1im/(b)
m

Theorem 3.3 (Scalar Multiplication of the Limit). rtnn:1init-scalar-muitipiication) Let F be an
ordered field, let a € Conv(F), and let c € F. Then

lim(n — ¢ ay) = c¢-lim(a)
Proof. Define the constant sequence
p:Ny—=F=nw—c
For every € € Fjand every n € Ny

|.pn_6’:O<€
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Hence p € Conv{( F') and lim(p) = ¢
By the definition of p,
VneNy, ¢ ayp=pp-ay

By multiplication of limits the sequence n — py, - ay is convergent, and

lim(n — ¢ - ay) =LHm(n — pp - ay)
=lim(p) - lim(a)

= c-lim(a)
O

Theorem 3.4 (Linearity of the Limit). [ton:linit-1inearityl Let F' be an ordered field, let a,b €
Conv(F), and let ¢c,d € F. Then

lim(n — ¢ ay+d - by) = c-lim(a) + d - 1im(b)

Proof. This follows from [addition of limits| and [scalar multiplication of limits] O]

Lemma 3.1 (Reciprocal of the Limit). (1en:1init-reciprocarl Let F' be an ordered field, and let
b € Conv(F) with ¥n € Ny, by # 0 and lim(b) # 0. Then

li — Ly 1
", T (o)

1
p:N1—>FEn»—>b—

Proof. Define

We check whether 1/lim(b) is a limit of p
For n € Ny,

1 1
by lim(b) ‘
[imi(b) — by,
by - Tt (D)
_ |lim(b) — bn|
by - Timd(b) |
To bound the denominator below, set M = ||[lim(b)|/2 > 0. By the |convergence of b choose
Ny € Ny such that n > Ny = |by —lim/(d)| < M. For n > Ny, the triangle inequality gives

|Lml(b) || < |Hmb) — by | + | ba| < M + | by |
Since |lim(b) | = 2 - M, we have |b,| > M. So
dM € Fr, ANy € N;, Vn € Nj, n > Ny = ||bp| > M

Fix ¢ € Fy and choose N, € Ny so that n > N, = ||by — lim(b) | < e. Set N = max(No, V).
For n > N,
| by - 1iml(0) | > M - [lim(b) |, [im(b) — by| < e
Therefore,
|lim(b) — by | €
| by - 1iml(D) | M - |lim(b) |
For any 0 € F, apply this estimate with

e =06 M) > 0
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The error is then less than §, so p € Conv(F') and

lim(p) = 1irr}(b)

]

Theorem 3.5 (Division of the Limit). [tum:1imit-aivision] Let F' be an ordered field, and let
a,b € Conv(F') with Vn € Ny, by, # 0 and lim(b) # 0. Then

y lim(a)

- (” - E) ~ i)

Proof. Define

1
p:N1—>FEn|—>b—

By the [reciprocal lemmaj, p € (Conv(F') and lim(p) = 1/lim/(b). Since ay/by = ay - py for every
n € Ny, multiplication of limits| gives

lim/ [ n — m
by

lm(n — ay - pr)

]

Theorem 3.6 (Order Preservation of Limits). rthm:linit-order-preservation] Let F' be an ordered
field, and let a,b € Conv(F') with Vn € Ny, ay < by. Then

lim(a) <Tim(b)

Lemma 3.2 (Shifting a Convergent Sequence). [ien:limit-index-snitt] Let a : /Conv(F'), where I

is an|ordered field, and let v € N. Then n — a(n +r) is[convergend, and
lim(n — a(n +r)) = lim(a)
Proof. For any € > 0, choose N for a. If n > N, then n+7r > N, so||a(n+7r) —lim(a)| <e O

Theorem 3.7 (Absolute Values of Limits). [tan:1imit-absolute-vaive]l Let a :Conv(F'), where F is
an lordered field. Then
lim(n — |a(n)|) = [lim(a) |

Proof. The triangle inequality in both directions gives
[la(n)| = [1im(a) [| < Ja(n) —lim(a)|
Thus the same N works in the definition of the limit O

Theorem 3.8 (Maxima of Limits). [thn:linit-naximum) Let a, b : [Conv(F), where F is an ordered

field. Then
lim(n — max(a(n), b(n))) = max(lim(a),lim(b))

Proof. Use max(x,y) = (x +y + |z — y|)/2, linearity, and [the absolute-value limit rule| O
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Corollary 3.1 (Minima of Limits). [cor:linit-ninimum) Under the same assumptions,

lim(n — min(a(n), b(n))) = min(lim(a),lim(b))

Proof. Apply [the maximum rule/to n — —a(n) and n — —b(n), using min(z, y) = —max(—z, —y)
[

Theorem 3.9 (Sequence Characterization of Limit Points). rtnn:1imit-point-sequence] Let (X, d) be
a metric space, let A C X, and let v € X. The point x is a limit point of A if and only if there
exists a sequence a 1 Nj — A\ {z} converging to x, meaning

Ve eRy, AN €Ny, VR €Ny, n>N = d(ay, ) <e¢

Proof. According to definition of limit, z is a limit m

4 Bounded Sequences

Definition 4.1 (Bounded Sequence). [def:bounded-sequence] Let F' be an ordered field. A sequence
a |1 Ny — F'is bounded if
dM € F,Vn € Ny, d(a(n),0) < M

Definition 4.2 (Set of Bounded Sequences). [def:bounded-sequences-set] Let F' be an ordered field.
The set of bounded sequences in F' is

Bdd(F) = {a : Ny = F | a is boundedl}

LaTeX: \Bdd (F)

Theorem 4.1 (Convergent Sequences are Bounded). [thm: convergent-sequences-are-bounded] Let I be
an |ordered field and let a : Conv(F'). Then a is so a € BAd(F)

Proof. Suppose the convergent sequence a, lima = ¢
Take € = 1, then there exists N € Ny such that for all n € Ny with n > N, d(a,, () <1
According to the triangle inequality for distance, and d(a,, ¢) < 1, we have

d(0, a,) < d(0, 0)+ d(¢, a,)| < d(0, 6) + 1

Which means for all n € Ny with n > N, d(0, a,,) < d(0,¢) + 1
And for n € Ny|with n < N, we have [d(0, a,,) < max{d(0, a1),d(0, a3), ...,d(0, ay)}
So, we can take M = max{max{d(0, a;),d(0, as), ...,d(0,an)},d(0,¢)+1}. Hence M exists for all

convergent sequences a O]

Remark 4.1. Although Convergent = Bounded, the converse is not true. A bounded sequence
may not be convergent
For example, the sequence a,, = (—1)" is bounded (since d(a,, 0) = 1 for all n), but not convergent

5 Monotone Convergence Theorem

Definition 5.1 (Increasing Sequence). [def:increasing-sequence] A sequence a : Ny — F is said to
be increasing if
vn € Nla Uy S Ap+1


https://notes.rua.rs/real-analysis/lec04.pdf#nameddest=notes.def.limit-op
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.def.binary-min
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.def.binary-min
https://notes.rua.rs/real-analysis/lec04.pdf#nameddest=notes.def.limit-op
https://notes.rua.rs/real-analysis/lec04.pdf#nameddest=notes.def.limit-op
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.def.binary-min
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.def.binary-max
https://notes.rua.rs/real-analysis/lec03.pdf#nameddest=notes.def.metric-space
https://notes.rua.rs/real-analysis/lec03.pdf#nameddest=notes.def.limit-points
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.conv.positive-natural-numbers
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.rem.number-sets-inclusions-real
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.conv.sign-subsets
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.conv.positive-natural-numbers
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.conv.positive-natural-numbers
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.conv.term-notation
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.def.ordered-field
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.conv.positive-natural-numbers
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.conv.positive-natural-numbers
https://notes.rua.rs/real-analysis/lec03.pdf#nameddest=notes.def.distance
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.def.ordered-field
https://notes.rua.rs/real-analysis/lec04.pdf#nameddest=notes.def.bounded-sequences-set
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.conv.positive-natural-numbers
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.def.ordered-field
https://notes.rua.rs/real-analysis/lec04.pdf#nameddest=notes.def.convergent-sequences-set
https://notes.rua.rs/real-analysis/lec04.pdf#nameddest=notes.def.bounded-sequences-set
https://notes.rua.rs/real-analysis/lec04.pdf#nameddest=notes.def.limit-op
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.conv.positive-natural-numbers
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.conv.positive-natural-numbers
https://notes.rua.rs/real-analysis/lec03.pdf#nameddest=notes.def.distance
https://notes.rua.rs/real-analysis/lec03.pdf#nameddest=notes.lem.triangle-inequality-distance
https://notes.rua.rs/real-analysis/lec03.pdf#nameddest=notes.def.distance
https://notes.rua.rs/real-analysis/lec03.pdf#nameddest=notes.def.distance
https://notes.rua.rs/real-analysis/lec03.pdf#nameddest=notes.def.distance
https://notes.rua.rs/real-analysis/lec03.pdf#nameddest=notes.def.distance
https://notes.rua.rs/real-analysis/lec03.pdf#nameddest=notes.def.distance
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.conv.positive-natural-numbers
https://notes.rua.rs/real-analysis/lec03.pdf#nameddest=notes.def.distance
https://notes.rua.rs/real-analysis/lec03.pdf#nameddest=notes.def.distance
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.conv.positive-natural-numbers
https://notes.rua.rs/real-analysis/lec03.pdf#nameddest=notes.def.distance
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.def.binary-max
https://notes.rua.rs/real-analysis/lec03.pdf#nameddest=notes.def.distance
https://notes.rua.rs/real-analysis/lec03.pdf#nameddest=notes.def.distance
https://notes.rua.rs/real-analysis/lec03.pdf#nameddest=notes.def.distance
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.def.binary-max
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.def.binary-max
https://notes.rua.rs/real-analysis/lec03.pdf#nameddest=notes.def.distance
https://notes.rua.rs/real-analysis/lec03.pdf#nameddest=notes.def.distance
https://notes.rua.rs/real-analysis/lec03.pdf#nameddest=notes.def.distance
https://notes.rua.rs/real-analysis/lec03.pdf#nameddest=notes.def.distance
https://notes.rua.rs/real-analysis/lec03.pdf#nameddest=notes.def.distance
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.conv.positive-natural-numbers
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.conv.positive-natural-numbers
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.conv.term-notation
https://notes.rua.rs/real-analysis/lec01.pdf#nameddest=notes.conv.term-notation

Definition 5.2 (Strlctly Increasing Sequence). [def:strictly-increasing-sequence] A sequence a Nl —
F is said to be strictly increasing if

Vn € Nl,an < Ap¥1

Definition 5.3 (Decreasing Sequence). [def:decreasing-sequence]l A sequence a | Ny — F' is said to
be decreasing if
Vn € Nla Uy Z Ant1

Definition 5.4 (Strictly Decreasing Sequence). [def:strictly-decreasing-sequence] A sequence a :
N, — F is said to be strictly decreasing if

Vn € Ny, ay > api1

Lemma 5.1 (Strictly Increasing Extends to All Indices). [iem:strictly-increasing-extends] Let a :
Ny — F belstrictly increasing. Then Yn,m € Ni, n >m = ay > ap,

Lemma 5.2 (Increasing Extends to All Indices). (ien:increasing-extends] Let a | Ny — F be
[creasing. Then ¥Yn,m € Ni, n >m = ay > apy

Lemma 5.3 (Strictly Decreasing Extends to All Indices). [iem:strictiy-decreasing-extends] Let a :
Ny — F belstrictly decreasing. Then VYn,m € Ni, n >m = ap < apy

Lemma 5.4 (Decreasing Extends to All Indices). [iem:decreasing-extendas] Let a | Ny — F be

decreasing. Then Vn,m € Ny, n > m = ay < apy

Definition 5.5 (Monotone Sequence). [det:monotone-sequence] A sequence a | Ny — F' is said to be
monotone if it is either increasing| or [decreasing]

Theorem 5.1 (Monotone Convergence Theorem). (tmninct]  Let F' be a complete ordered field,

and let a : BAd(F) be a[monotone sequencd Then a is[convergend

Proof. Suppose a is a [bounded sequence| in F' and [increasing sequence, which means exist x =
sup{a; : n € Ny} (by the Axiom of Completeness, applied to the nonempty set {a, : n € N;}
bounded above in F'), and Vn,m € Ny, n <m = ap < ap

According to the e criterion for supremum|, Vn € Ny, a; <z and Ve € Fp, AN € Ny, ayy > 2 — ¢
Adding the increasing property, ie

N<n = ay<au<zv = (aqn>r—¢ = ayp>ay > —¢€)
We can have
Ve € Fr, AN e Ny, Vn e Ny > N, ay > x — ¢

Also,
A <zTz ANe>0 = ap<xz+e¢

A>T —eNap<r+e = v—c<ayp<zxr+e = d(ayx)<c

Notice that such z is the supremum) of the upper bounded sequence a, it exists.
dr € F, Ve € Fp, N € Ny, Vn € Ny > N, d(ay, x) < €

Which means it is a convergent sequence and its limit is z

If instead a is [decreasing] the same argument applies with x = inf{a, : n € N;} (which exists
by the Axiom of Completeness, since {a, : n € N;} is nonempty and bounded below), using the
dual e-criterion for the infimum m
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6 The Number e

Definition 6.1 (Deﬁning Sequence for 6). [def:e-defining-sequence]
1\"
u: N> R=n+— <1+—>
n

Theorem 6.1 (Convergence of the Deﬁning Sequence for 6). [thm:e-sequence-convergence]

Definition 6.2 (The Number 6). [def :euler-number]

e:RElim

7 Comparison of Sequences

Theorem 7.1 (Comparison for Monotone Sequences). [tan:monotone-comparison-increasingl Let F' be

a [complete ordered field, and let s,t {N;|— F be with Sy < ty for alln € Ny If t is
then

s is convergent and lim(s) < [lim(t)
Proof. TODO n

Theorem 7.2 (Comparison for Decreasing Sequences). [thn:monotone-comparison-decreasing] Let F be

a lcomplete ordered field, and let s,t { Ny — F be [decreasing with sy < t for alln € Ny. If s is
then

t is convergent and lim(s) < [lim(t)

Proof. Apply to the increasing sequences n — —t, and n — —s, ]

8 Squeeze Theorem

Theorem 8.1 (Squeeze Theorem). [thm:squeeze-theoren] Let F' be an ordered field, and let a,x,b :

Ny — F with ap < xy < by for alln € Ny. If a and b are with lim(a) = lim(b) = L,
then x is convergent and lim(x) = L

Proof. TODO n

Compiled: 2026-10-29T01:39:13+08:00
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