Lecture 2: Cardinality and Countability
Mathematical Analysis

1 Cardinality

Definition 1.1 (Cardinality). fae:carainaiity] The cardinality of a set A, denoted by |A|, is the
number of elements in A

LaTeX: \card {A}
Definition 1.2 (Cardinal Inequality). [det:cardinal-inequatity] For sets A and B,
|A| < |B| <= 3f: A — B such that f is injective.
We write |A| > |B| if | B| < |A|. Furthermore,
(4] <[[B] = [[A] <[B] and [4] £[B],
and |A| > |B| if |B| < |4]

Definition 1.3 (Equinumerous Sets). [def:same-carainality] Sets A and B are equinumerous, written
A~ B, if and only if their cardinalities are equal:

A~ B <= |A| = |B|
LaTeX: A\equinum B
Theorem 1.1 (Bijection Characterization). [thm:bijection-cardinality]
|A| = |B| <= 3f: A— B such that f is bijective
Lemma 1.1 (Finite Subsets of Equal Cardinality). [iem:finite-subset-equal-carainalityl Let A C B,
where B is finite. If||A||= |B|, then A= B
Proof. If A # B, choose b € B\ A. Then A C B\{b}, so|A| <|B|—1 < |B|, a contradiction [

Lemma 1.2 (Mapping Characterization). [1en:cardinal-order-mappings] Assume B # () and the Ax-
iom of Choice. Then
|A| < |B| < 3f: A — B injective,
|A| < |B| <= 3f: A — B injective but not bijective,
|A| > |B| <= 3f: A — B surjective,
|A| > |B| <= 3f: A— B surjective but not bijective
Definition 1.4 (Equivalence Relation). (aet:equivalence-reiation] A relation ~ on a set A is called
an equivalence relation if it satisfies the following properties:
1. Reflexive: Va € A,a ~ a
2. Symmetric: Va,b€ A,a~b = b~a
3. Transitive: Va,b,c € A,a~bb~c = a~c

Theorem 1.2 (Cardlnahty is an Equivalence Relation). [thm:equivalence-relation-cardinality] The
Cardinality relation i~ on the set of all sets is an equivalence relation

Example 1.1. N~ N;. Witness: f {N—= Ny, f(n)=n+1

Remark 1.1. For infinite sets, the cardinality maybe still the same even if we remove some (or a
finite number of) elements from the set

Theorem 1.3 (Integers and Natural Numbers are Equinumerous). [tun:integers-natural-equinun] 2~
N. Witness:

[ n/2 if n is even
f= —(n+1)/2 ifn is odd
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2 Power Sets

Definition 2.1 (Power Set). [aet:pover-set] The power-set constructor assigns to each set its set

of all subsets
P:T—-T=A—{B|BCA}

LaTeX: \PowerSet (A)
LaTeX: \Type

Example 2.1. Let A ={1,2,3}. Then
P(A) = {0, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, A}

Theorem 2.1 (Cardinality of Finite Power Set). rtnn:cardinality-finite-power-set] For any finite set
A, [P(4)] = o

Lemma 2.1 (Singleton in the Power Set). [ien:singleton-in-power-set] For every set A,
Va € A, {a} € P(A)
Proof. If a € A, then {a} C A. Hence {a} € P(A) O

Theorem 2.2 (Cantor’s Theorem). [thn:cantor-pover-set] There does not exist a surjective function

f:A—=P(A)

Proof. Assume for contradiction that there exists a surjective function f : A — P(A). This
means VB € P(A),Ja € A such that f(a) = B
We can seperate all elements in A into two groups:

Ai={a€A:aé¢ fla)}
Ay={a€A:ac f(a)}

Notice that A; C A, so A; € P(A)

And, since f is surjective, there exists a € A such that f(a) = A

According to PNP Axiom), o must be in either A; or A,

If & € Ay, then by definition « ¢ f(a) = A;, contradicting o € A,

If « € Ay, then by definition o € f(a) = A;. Hence a € Ay, whose definition gives a ¢ f(«),
also a contradiction

Both possible cases lead to a contradiction. Therefore, the assumed surjective function f: A —

P(A) does not exist L

Corollary 2.1 (Power Set Strictly Larger than Original Set). [cor:pover-set-strictiy-1arger] For any
set A, |A| < [P(A)|

Remark 2.1 (Largest Cardinality does not EXISt) [rem:largest-cardinality-does-not-exist] There is no
largest cardinality for sets since for any set A, |Al < [P(A)|

3 Images
Definition 3.1 (Image Operator). [des:image] For sets A and B, the image operator is the mapping
(=)™ : (A — B) = (P(A) = P(B))

defined b
' f=(CH{f(z):zeC})

LaTeX: \img {£}(C)
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Corollary 3.1 (Image of a Subset). [cor:image-ot-subset] For a mapping f : A — B and a set
CCA, .
freC) ={f(z):z€C}CB

Lemma 3.1 (Monotonicity of Images). [1en:inage-nonotonicityl Let g : X — Y and let E,F C X.
Then . .
ECF = ¢g™(E) C g™8(F)

Proof. If y € ¢™8(E), then y = g(z) for some z € E. Since E C F, we have x € F', and therefore
y € gmE(F) O

Definition 3.2 (Preimage Operator). [aes:pre-inage] For sets A and B, the preimage operator is
the mapping '
(—)P™e . (A — B) — (P(B) — P(A))

defined by
f—=(D—={zecA: f(x)e D})

LaTeX: \preimg {£f}(D)

Corollary 3.2 (Preimage of a Subset). [cor:preimage-of-subset] For a mapping f : A — B and a
set D C B, .
[PE(D) — {z € A f(x) € D} C A

Lemma 3.2 (Monotonicity of Pre-images). [ien:preinage-monotonicity] Let g : X — Y and let
E FCY. Then
E g F = gprelmg(E) g gprelmg(F)

Remark 3.1 (Image of Pre-image). [rem:image-of-pre-image] In general cases, for a mapping f: A —
B,

C C A = frrems(fima(C)) = C
D g B,:/—‘> fimg(fpreimg(D)) =D

Pf. Counterezamples. Define f : N — B by

() = {H "

tt, n € Nj.
Then . ' .
frrems(fes({1})) = ferems({et}) = Ny # {1}

Define g : B — N by
g(tt) =0,  g(ff) = 1.

Since 2 is not in the range of g,
JE(GPE((2))) = FED) = 0 £ {2)
O

Remark 3.2 (What to do when a result is not true?). [rem:now-to-treat-false-resuits] When a result

such as the equalities in is not true, we may:

e strengthen the assumptions, as in [proposition 3.2}
e narrow down the conclusion, as in [proposition 3.1
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Proposition 3.1 (Subset Relation for Pre-image of Image). [prop:preinage-inage-subset] In general
cases, for a mapping f : A — B,

C C A, fpreimg(fimg(c)) D C
D g B,fimg(fpreimg<D)) g D

Proposition 3.2 (Pre—image of Image for Bijection Mapplng). [prop:bijection-preimage-image] ]f
f:A— B s a bijection mapping, then

CCA = frems(fmg(c)) = C
DCB, = fms(frns(D)) = D

4 Nested Sequence of Sets

Definition 4.1 (Nested Sequence of Sets). [def:nested-sequence-ot-sets] Let X be a set and let I = N
or I = Nj. A sequence of subsets A : [ — P(X) is nested if

Vnel, An+1)C A(n)

Definition 4.2 (Set of Nested Sequences). [aef:nested-sequences-set] For a set X and I = N or
I = Ny, the set of nested sequences| of subsets of X is

Nested;(X)={A: I = P(X)|Vnel, A(n+1)C A(n)}

The default index set is I = N

LaTeX: \Nested (X)
LaTeX: \Nested [\NNOne ] (X)

Theorem 4.1 (Nested Sequence Containment). [thm:nested-sequence-containment] Let I = N or [ =
N;, and let A : Nested;(X). Then

Vp,qel, p<q = A(q) € A(p)

Proof. Fix p € I. We prove A(p+r) C A(p) for r € N by induction. The case r = 0 is immediate.
If it holds for 7, nesting gives

Alp+r+1) CA(p+7) C Ap)
For ¢ > p, take r = ¢ — p € N to obtain the result O

Theorem 4.2 (Finite Nested Intersection Property). rtan:finite-nested-intersection]
Let A :Nestedy;(X), and assume every A(n) is finite and nonempty. Then

0 #()(A) € A1)
Proof. According to the definition of definition indexed intersection, we want to show that
dre X,Vne Ny, z e An)
Given that Vn € Ny, |A(n)| € Ny and |A(1)| > |A(2)| > - - -, define

b:Ny = N=nw—|An)|—|An+1)|
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For all m,n € Ny| with m <n,

> (1) = (Alm)]| [A(m + D) + - + (A@)] Al + D))

= [A(m)| —|A(n +1)|

Since A(n + 1) # 0, we have |A(n + 1) > 1. Taking m = 1,

n

Vn € Ny, §:®%=MON—LMn+Dh£MGM—1

1

Since every b(n) is a nonnegative integer, only finitely many b(n) can be positive. Hence
HNoeNl,VTLENl,TLZNO — b(n):()

For every n > Ny,
b(n) =0 = ||A(n)| = |A(n + 1)|

Since A(n+1) C A(n) and A(n) is finite, [finite subsets of equal cardinality| gives A(n+1) = A(n).
Hence

Vn € Nl, n> Ny = A(TL) = A(N())

If n < Ny, then A(Ny) € A(n) by [nested sequence containment, Therefore A(Ny) C A(n) for
every n € Ny, and thus

A(No) € [()(A)

The reverse inclusion holds because A(Ny) is one of the sets in the intersection. Consequently,
()(A4) = A(No)

which is finite and nonempty O]

Remark 4.1 (Finiteness is Essential). [ren:finite-nested-intersection-finiteness] The conclusion can fail
when the sets are infinite. For example, let

A :Nestedy,(N1) =n— {m € Ny | m > n}
Every A(n) is infinite and nonempty, and
AMDAR)2AB) 2+,  [JA) =0
Proof. For each n € Ny, choose x = n. Then
VneNy, dJreNy: xeAn)
For each © € Ny, choose n = x + 1. Then x ¢ A(n), so

Pr €N, VneEN]: z € A(n)
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5 Intervals

Definition 5.1 (Interval). raes:interval Let X be a totally ordered set. A set I C X is an interval
if, whenever x,y € I with x <y, every z € X satisfying z < z < y also belongs to [

Remark 5.1 (Intervals as Sets). [ren:intervais-as-sets] Every interval is a set contained in its ambient
totally ordered set X; that is, every interval I satisfies I C X

Definition 5.2 (Open Interval). [des:open-interva1l Let X be a totally ordered set. For a,b € X
with a < b, the open interval from a to b is

(a,b) ={r e X:a<z<b}

Definition 5.3 (Closed Interval). faes:ciosea-intervarl Let X be a totally ordered set. For a,b € X
with a < b, the closed interval from a to b is

la,b) ={r € X :a <z <b}
Lemma 5.1 (Endpoints of Contained Closed Intervals). [lem:contained-interval-endpoints] Let Il =
[a1,b1] and Iy = [ag, by be closed intervals in the same totally ordered set. If Iy C I, then
as < ap < by < by

Proof. Since ay,b; € I C I, [definition 5.3| gives ay < a; and by < by
Since Iy = [ay, b1] is a closed interval, [definition 5.3| requires a; < by
Combining these inequalities gives the result [

Lemma 5.2 (El’ldelIlt Order of Nested Closed Intervals). [lem:nested-interval-endpoint-order] Let X
be a totally ordered set, let I : Nestedy(X), and let a,b : N — X satisfy I(k) = [a(k),b(k)] for
every k € N. Then

b(n)

) <
Proof. For n < m, nested sequence containment| gives I(m) C I(n). Applying |endpoint order for|
lcontained closed intervals| gives the inequalities O

Theorem 5.1 (Nested Intervals Property (NIP)). rtun:nipl Let F' be a complete ordered field, and
let I : Nestediy(F) with 1(n) = [a(n),b(n)], where a,b { N — F, be a nested sequence of [closed
lintervald Then

(YD) #0

Proof. Let A = {a(n) : n € N}. For any n,m € N, either n < m or m < n. By [endpoint order|
lfor nested intervals, respectively,

a(n) <a(m) <b(m) or a(n) <bn)<b(m)

Thus every b(m) is an upper bound for A. Since a(0) € A, the set A is nonempty and bounded
above. By completeness, let o =sup(A). The definition of supremum| gives

VneN, a(n) <a<bn)

n<m = a(n) <a(m) < b(m

Therefore a € I(n) for every n € N, so a € (|(I) by indexed intersection O

Corollary 5.1 (Nested Intervals Property in R). (corinip-reai-numers] Let I : Nestedy(R) with
I(n) = la(n),b(n)], where a,b: N — R. Then

() #0

Proof. By the Axiom of Completeness and the definition of a complete ordered field, R/is complete.
The conclusion follows from [the Nested Intervals Property] n

Remark 5.2 (Intervals can be Infinitely Small). [rem:int-smaii-intervais] Let F' be an jordered field
and let a,b € F witha <b. [f Ve € Fr, b—a <e, thena =15
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6 Decimal Expansion

Theorem 6.1 (Decimal Expansion). [thm:decimal-representation] Let D = {0, 1, ey 9} E’U@T’y dlglt
sequence a : Ny — D determines a unique x € [0, 1]:

Va :N; — D, 3lx € [0,1], xr = Zakm_k
k=1

Proof. We call the summation of the first n decimals s,, ie

Sy = Zn: ak 107%
k=1

Since Vk € N1, 0 < ap <9, for all n,m € Ny with n < m,

m
Sy = Sp + E akl()_l€
k=n+1

< $,+9 i 107F

k=n+1
=s,+10"—-100" < s, +107"

In other words,
Vn,meNy, n<m = S, € [sp, 5, +107"]

By the same argument, we can also show that
Vn,meNy, n<m = s, +107" € [s,, s, + 107"]

Where we can construct the following nested intervals

Iy=(sn,s,+107", L 2L2--, = al0*=)1,

n=N1 neN;

According to the [Nested Interval Theorem| after reindexing,
() 1. #0
neN;
Also, notice that I, = [s,, S, +107"], s,, + 107" — 5, = 107", According to the we can

conclude:

Ve e Ry, In €Nyt I, = [sp, 8, + 10 "]and (s, + 107") — 5, = 107" < e = 3z € ﬂ I,

neNy

Thus x is the unique number represented by the digit sequence a O

Remark 6.1 (Decimal EXpansion is not Unique). [rem:decimal-representation-not-unique] The decimal
expansion of a real number is not unique. For example, 0.8999 ... = 0.9000. ..

Theorem 6.2 (Uniqueness of Canonical Decimal Expansions). [tan:canonical-decinal-uniqueness] Let
D =1{0,1,...,9}. For every x € [0,1), there ezists a unique digit sequence a : Ny — D which is
not eventually equal to 9 and satisfies

T = Z a(n)10™™.

n=1

Here, “not eventually equal to 9” means
-IAN € NyVn> N, a(n)=9
Proof. TODO n
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7 Archimedean Property

Theorem 7.1 (Archimedean Property). [thn:archimedean-property] N is not bounded above in R, in
other words, Vr € R, dn € N.n > x

Proof. Assume for the sake of contradiction that N is bounded above in R

Since 0 € N, we have N # (). By the Axiom of Completeness, N has a supremum, denoted as
a =sup N

By the definition of epsilon criteria, we have:

VeeNzrz<a VeeRydreNa—c<uz

Taking £ = 1, we obtain
JneN: a-1l<n = a<n+1

Since n + 1 = S(n) € N, this contradicts that « is an upper bound of N, namely
YvmeN, m<a.

Therefore, N is not bounded above in R n

Theorem 7.2 (Archimedean Property (Reciprocal Form)). rtan:archinedean-reciprocal-forn]

VyeRy, Ine Ny, 1/n<y

Proof. Take x = 1/y. Since y > 0, we have x > 0. By the |[Archimedean Property| there exists
n € N with n > 2. Since x > 0, we have n > 0, hence n € N;. Then 1/n < 1/x =y O

Definition 7.1 (Dense Subset). [dae:dense-subser] Let D C R. We say that D is dense in R if
Va,b e R, a<b = ddeD: a<d<b

Theorem 7.3 (Density Of the Rational Numbers). [thm:rationals-dense-in-reals] Q 18 in R

Proof. Let a,b € R with a < b. Then b — a > 0, so by the [Archimedean property (reciprocall

there exists n € Ny with

1
—<b—a <= 1l<n(b—a) <= 1<nb—na
n

Let m = |na, so that m <na <m+1

Set r=(m+1)/neQ

Notice that
na m—+1

nao<m+1l = — < = a<r
n n
m+1
l<nb—na — 1l4+na<nb = 1+m<1l+na<nb — <b = r<b
n
Therefore r € QN (a, b)
So,Va,be Ria<b,IreQ:a<r<b n

Theorem 7.4 (Density Of the Irrational Numbers). [thm:irrationals-dense-in-reals] R \ Q (ie, ]I) 18

[densd in R
Proof. TODO n

Remark 7.1. QQ and [ are both dense in R. It does not mean that (Q and [ are having the same
size. The size of infinite sets are defined in
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8 Countability
Definition 8.1 (Countable Infinite Set). [des:countabie-intinite-set] A set A is called countably
infinite if N~ A

Definition 8.2 (Countable Set). rae:countanie-set] A set A is called countable if it is either finite
or [countably infinite)

Theorem 8.1 (Countablhty of the Rationals). [thm:rationals-natural-equinum] Q ~ N

Proof. List the positive rationals in the following pattern, starting from 1/1 and replacing each
a/b by a/(a + b) followed by (a + b)/b to form the next row:

1 L2 1323
1’ 2° 1 3’231
Read row by row; the rows contain 1, 2,4, ... elements. Let r{, 7o, ... be this enumeration. Since

every positive rational occurs exactly once, a witness f : N|— Q is

O, n = 0’
f(n) = < riyny2, nis odd,
—Tps2, niseven and n >0

]

Theorem 8.2 (Equinumerosity of Intervals). rtan:intervai-equinun) Let F' be an ordered field, and

leta,b,c,d € F satisfya < b and ¢ < d. Then thefopen intervald (a,b) and (c,d) are[equinumerous

Proof. Witness:
d—c

f:<a7b) — (C7d),f($)= b—_a

(x—a)+c
[

Theorem 8.3 (Intervals and the Real Line). (thn:interval-real-line-equinun) Every [interval which is
not a single point is equinumerous to R

Proof. For (—m/2,m/2), the function f(x) = tan(z) is a bijection from (—n/2,7/2) to R

Notice that for every interval (a,b) which is not a single point, we can find a bijection from

(a,b) to (—m/2,m/2) by [Theorem 8.2, Since bijections are transitive, we can conclude that every
interval (a,b) which is not a single point is equinumerous to R O

Theorem 8.4 (Z,Q are Countable). [thm:integers-rationals-countable] 7, and Q are countable since
they are equinumerous to N| according to|Theorem 1.5 and|Theorem 8.1

Theorem 8.5 (Cantor’s Theorem). [thn:cantor-tneoren] The interval (0,1) is uncountable

Proof. Since N~ Nj, suppose there exists a bijection f : N; — (0,1). By [Theorem 6.2} choose
the unique decimal expansion of each f(n) which is not eventually equal to 9. This defines a

function ¢g : Ny — Ny — {0,1,2,3,4,5,6,7,8,9}
Then, we can define another function of decimal expansion

h(n)=T(g(n)(n)), neN; (1)
T =1{(0,1),(1,2),(2,3),(3,4),(4,5),(5,6),(6,7),(7,8),(8,1),(9, 1)} (2)
Then, we can construct
T = Z h(n)107".
n=1
Since h(n) € {1,2,...,8}, we have x € (0,1), and this is its unique canonical decimal expansion

by [Theorem 6.2/ For every n € Ny, h(n) # g(n)(n), so x # f(n). Hence x is not in the image of

f, contradicting the assumption that f is a bijection. Therefore, (0,1) is uncountable O
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Theorem 8.6 (R is Uncountable). [tmn:reals-uncountaviel R is uncountable

Proof. Assume that R is countable. According to [Theorem 8.3] we can conclude that (0, 1) =~
R/~ N. According to [Cantor’s Theorem| (0, 1) is uncountable, which contradicts the assumption
that R is countable. Therefore, R is uncountable O

Theorem 8.7 (Countable Union Of Countable Sets). [thm:countable-union-of-countable-sets] G’iven n
n

countable sets Ay, As, ..., Ay, the union |J A; is countable
i=1

Proof. We can prove this theorem by induction
Let A and B be two countable sets. If A and B are finite, trivially it is countable n
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