Lecture 1: Incompleteness of Rational Numbers
Mathematical Analysis

1 Numbers

Definition 1.1 (Natural Numbers). (e naturai-numer] Let S denote the successor. The natural
numbers are inductively generated by

N=0]S(n:N).

Every natural number is obtained from 0 by repeated application of S
LaTeX: \NN

Theorem 1.1 (Natural Number Induction). rthn:natural-number-induction] Let PN — Prop. If
P(0) and Vn:N, P(n) = P(S(n)),
then P(n) holds for every n | N

Proof. Let A = {n : N | P(n)}. The hypotheses say that A contains 0 and is closed under S.
Because every natural number is obtained from 0 by repeated application of S, we have A = N [

Convention 1.1 (POSitiV@ Natural Numbers). [conv:positive-natural-numbers] We write
N; = N\ {0}

when zero must be excluded, such as for one-based indices or denominators

LaTeX: \NNOne

Definition 1.2 (Integers). fdes:integer] The integers are the whole numbers, including the positive
integers, the negative integers, and zero:

Z={...,-2-1,01,2,..}

LaTeX: \ZZ

Definition 1.3 (Rational Numbers). [det:rational-numbers] A real number is called rational if it
can be expressed as a quotient of two integers. The set of rational numbers is

@z{grp,qGZ, q#O}

LaTeX: \QQ

Proposition 1.1 (Unique Reduced Form). (prop:unique-reduced-rationai-torn] For every x € Q, there
exists a unique pair p,q € Z such that

T=" q>0, ged(|pliq) =1

Remark 1.1. [ren:number-set-inclusions] Under the usual identifications, N C Z C Q

Definition 1.4 (Floor). raet:s100x1 The floor function floor : R — Z is characterized, for every
r € Rand m € Z, by
floor(z) =m <= m<z<m+1

LaTeX: \floorfn (x)
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Convention 1.2 (Floor Notation). [conv:flcor-notation] For thelfloor function] write |z | = floor(x)

LaTeX: \floor {x}

Definition 1.5 (Ceiling). raet:ceiringl For z € R, the ceiling [z] is the unique m € Z satisfying
m—-1l<ax<m

LaTeX: \ceil {x}

Theorem 1.2 (Well-Definedness of Floor and Ceiling). [tam:floor-ceiling-well-detinedl FOT every
x € R

e there exists a unique m € 7, satisfying m < x < m+ 1, namely || x|;

e there exists a unique m € 7, satisfying m — 1 < x < m, namely ||z

Proof. Existence of the floor. Using the Archimedean property, proved later, choose p, ¢ € N with
p> —x and ¢ > z+p. A finite search through 0,1, ..., q has a first index k with z +p < k: such
an index exists because ¢ > = + p, and a first one can be selected by [natural number induction|
Since = + p > 0, we have k > 1, and minimality gives

k—1<z+p<k

Thusm =k —p—1¢€ Zsatistiesm <z <m+1

Uniqueness of the floor. Suppose m,r € Z both satisfy the defining inequalities. If m < r, then
m+1<r<xz<m+ 1, acontradiction. Interchanging m,r rules out r < m, som =r
Existence and uniqueness of the ceiling. Apply the floor result to —x. If m < —x < m + 1, then
c = —m satisfies c — 1 < x < ¢, so a ceiling exists. Any integer d satisfying d — 1 < x < d gives a
floor —d of —x; uniqueness of that floor yields —d = m, hence d = ¢ O

2 Fields

Definition 2.1 (Closed Operation). [def:closed-operation] An operation x is said to be closed on a
set A if for all a,b € A, we have axb € A

Definition 2.2 (Field). raes:sic1a1 A field is a set F' equipped with addition and multiplication
such that both operations are
e [closed operations|on F',
e associative, meaning for all a,b,c € F, we have (a+b)+c = a+(b+c¢) and (a-b)-c = a-(b-c),
e commutative, meaning for all a,b € F', we have a+b=b+aand a-b=10"-a,
e have distinct identity elements 0,1 € F', meaning a +0=a, a-1 =a, and 0 # 1,
e cach element has an additive inverse, such that for each a € F', there exists —a € F with
a+ (—a) =0,
e cach non-zero element has a multiplicative inverse, such that for each a € F with a # 0,
there exists a=! € F with a-a™! =1, and
e multiplication distributes over addition, meaning a - (b+c¢)=a-b+a-c

Proposition 2.1 (Q Is a Field). (prop:rationals-are-a-fie1al The rational numbers with their usual
addition and multiplication form a

Remark 2.1 (N and Z Are Not Fields). [rem:natural-and-integers-not-fie1as] The natural numbers and
the integers are not fields because they do not have multiplicative inverses for every non-zero
element

For a counter example, consider the integer 2. There is no integer x such that 2-x =1
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3 Ordered Set

Definition 3.1 (Transitive). [des:transitive] An ordering on a set is transitive if
Ve,y,z € F, if vt <y and y < z, then z < z
Definition 3.2 (Reflexive). raet:resiexive]l An ordering on a set is reflexive if
Vee Flx <z
Definition 3.3 (Antisymmetric). [def:antisymmetric] An ordering on a set is antisymmetric if
Ve,ye F(x <y)ANy<z) = ==y

Definition 3.4 (Partial Order). faef:partiai-oraer] A binary relation < on a set F' is a partial
order if it is [reflexive] [antisymmetrid, and

Definition 3.5 (Totality). faes:totarity] An ordering on a set F'is total if every pair of elements
is comparable:

Ve,ye F, x<yVy<zx

Definition 3.6 (Total Order). [aet:totai-oraer] A |partial order| < on F'is a total order if it also
satisfies

Convention 3.1 (Order Notation). [conv:order-notation] For a,b € F, define

a>b << b<a, a<b <<= a<bAa#hb, a>b << b<a

Definition 3.7 (Binary Maximum). [daet:binary-nax] Let X be equipped with altotal order| <. The

binary maximum is the function

a ifa>0b,

max: X x X - X = (a,b) — _
b otherwise

LaTeX: \max (a,b)

Definition 3.8 (Binary Minimum). [def:binary-nin] Let X be equipped with a[total order| <. The

binary minimum is the function

a ifa <b,

b otherwise

min:XxX—>XE(a,b)r—>{

LaTeX: \min (a,b)

Definition 3.9 (Maximum of a Set). [det:set-maximm] Let X be equipped with a |total order| <,
and let A C X be nonempty. An element m € A is a mazimum of A, written m = max(A), if

Vee A,m>u

LaTeX: \setmax (A)

Definition 3.10 (Minimum of a Set). [aet:set-minimm] Let X be equipped with a |total order| <,
and let A C X be nonempty. An element m € A is a minimum of A, written m = min(A), if

Vee AAm<zx

LaTeX: \setmin (A)
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Proposition 3.1 (Finite Nonempty Families Have a Maximum and Minimum). [prop:finite-nax-min-inductive] I

X be a totally ordered set. For any nonempty finite family (ai,...,a,) in X, the mazimum
max{ai, ..., a,} and minimum min{ai, ...,a,} exist. They may be computed inductively:
max{a;} = ay, max{ai,...,ax} = max(max{al, ce Q1) ak) for k> 2,

and symmetrically for min

Definition 3.11 (Ordered Field). [aet:orderea-sic1a] An ordered field is a F equipped with a

total order] < such that for all x,y,z € F,
o if <y, thenz+ 2z <y+ z; and
e if ) <z and 0 <y, then 0 < xy

Definition 3.12 (Sign Subset Operators). [aes:sign-subset-operators] Let F' be an |ordered field
Define the following subsets of F

pos(F)={z: F |0 <z},
neg(F) ={x: F |z <0},
nonneg(F) ={x: F |0 <z},

nonpos(F)={z: F |z <0}

Convention 3.2 (Sign Subsets of an Ordered Field). (conv:sign-sunsets] For the |sign subset oper-|

[ators|, write

Fy = pos(F), F- = neg(F),
Fsg = nonneg(F'), Fzy = nonpos(F)
Thus Fy and F- exclude zero
LaTeX: \apos {F}, \aneg {F}
LaTeX: \agez {F}, \alez {F}

Definition 3.13 (Absolute Value). [det:absotute-vaiue]l Let F' be an fordered fieldl The absolute
value is the function
a, a >0,

abs:F—)FEaH{
—a, a<0

Convention 3.3 (Absolute Value Notation). [conv:absolute-value-notation] For readability, we write
la| in place of the function application abs(a), where abs is defined in [definition 3.13] The two
forms are interchangeable

LaTeX: \abs {a}

Lemma 3.1 (Difference Characterization). rien:ditference-characterization] Let I be an ordered field.
For all a,b € F,
a<b<+= 0<b—-a

Proof. Since addition preserves order and is cancellative in an ordered field,

a<b << a—a<b—a <<= 0<b-—a.

Here a — a = 0 by the additive-inverse axiom in the [definition ot a field| O

Lemma 3.2 (Positive Perturbation). [1em:positive-perturbation] Let F' be an ordered field. For all
s,e el
e>0 = s—e<s<s+te

Proof. 1f € > 0, then

s—(s—e)=e>0 and (s+¢e)—s=¢c>0.

Both inequalities follow from [the difference characterization| O
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4 Indexed Family

Definition 4.1 (Indexed Family). [aes:indexea-aniiy] Let I be an index set and let X be a set.
An I-indezed family in X is a mapping

a:l —X

Definition 4.2 (Term). rae:tern] Let a : I — X be an|indexed familyl For each i € I, the value

al(i)

is called the term indexed by 1

Convention 4.1 (Term Notation). [conv:tern-notation] For an|indexed family|a : [ — X and i € I,
we write

ay; = ali).

This denotes the [term indexed by 7 The family itself is a

LaTeX: \term {a}{i}

Definition 4.3 (Sequence). [des:sequence] Let [ = Nor [ = N;. An|/-indexed family|a : [ — X
is called a sequence in X. Its a(n), also written ay, is called the n-th term

Example 4.1. The function
a:Ny—=>R=n—

is a For example, a(1) =1 and ag = a(2) =

S|

5 Finite Sums and Products

Definition 5.1 (Finite Summation). [des:¢inite-sumation] Let F' be alfieldl. The finite summation
function is defined recursively by

0 if
Sum:NlXNX(N1—>F)—>FE(m,n7a)|_>{ itm>n,

sut(m,n —1,a) + a(n) if m <n.

The upper bound may be 0, so the recursion reaches the empty sum sum(1,0,a) = 0 when
m=n=1

LaTeX: \finsum (m,n,a)

Convention 5.1 (Finite Summation Notation). [conv:finite-summation-notation] For the [finite sum-

[mation functionl we write

n

Z(a) = sum(m, n, a).
m
The bounds m,n are inclusive, and the input a is the whole sequence. For an explicit rule, write,

for example,
3

D (ke k) = (ke B)(1) + (k= k)(2) + (k — k°)(3)
=14+4+9=14

LaTeX: \sum _m~n(a)
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Definition 5.2 (Finite Product). (aes:¢inite-proauct] Let F' be alfieldl The finite product function
is defined recursively by

1 if
Pr0d3N1><N><(N1—>F)—>F5(m7n7a);_>{ if m>n,

prod(m,n —1,a) -a(n) if m <n.
The upper bound may be 0, so the recursion reaches the empty product prod(1,0,a) = 1 when
m=n=1

LaTeX: \finprod (m,n,a)

Convention 5.2 (Finite Product Notation). [conv:finite-product-notation] For the [finite product|

[function], we write

n

H(a) = prod(m,n,a).
The bounds m,n are inclusive, and thrz input a is the whole sequence. For example,
ﬁ(k;r—>k+1) =k—Ek+1)1) - (k—Ek+1)2) - (k—k+1)(3)
1 =2-3-4=24

LaTeX: \prod _m"n(a)

Proposition 5.1 (Linearity of Summation). [prop:sumation-1inearityl Let F' be a a,b: Ny —
F,c.deF, and m,n € Ny. Then

n

D (ks c-ak)+d-bk) =c- > (a)+d-> (b)

m m

Proposition 5.2 (Index Shift for Summation). (prop:sumation-snice] Let F' be alfield, a { Ny — F,
and m,n,p € Ny with m +p,n+p &€ Ny. Then

> (a) =1y (k= alk +p))

Proposition 5.3 (Splitting of Summation). (prop:sumation-sp1it] Let F' be a a:iNy— F,
and m,p,n € Ny with m < p <n. Then

> (@) =3 (a)+> (a)

Proposition 5.4 (Multlphcatwlty of PI‘OdUCt). [prop:product-multiplicativity] Let F' be Cl a, b:
Ny — F, and m,n € Ny. Then

[I(k = a(k) - b(k) = (H(@) - (H(b))

m m

Proposition 5.5 (Index Shift for Product). (prop:product-snizt1 Let F' be a a:Ny{— F, and
m,n,p € Ny with m+p,n+p & Ny. Then

n+p n
[[(@ =11 a(k+p))

Proposition 5.6 (Splitting of Product). (prop:product-sp1it]  Let F' be a a: Ny — F, and
m,p,n € Ny with m <p <n. Then

[T = (ﬁ(a)) - (ﬁ(a))

p+1
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6 Sets

Remark 6.1 (Membership and Classical Logic). [rem:membership-classicai-1ogic] For every set A and
every z in the chosen universe, exactly one of x € A and x ¢ A holds

Proof. Let P be the proposition x € A. By the law of excluded middle, PV =P, while the law of
non-contradiction gives =(P A =P). Hence exactly one of z € A and = ¢ A holds O

Definition 6.1 (Intersection). [daet:intersection] For sets A and B,
r€ANB < rz€Aandz € B

Definition 6.2 (Indexed Intersection). [aes:indexed-intersection] Let I be a nonempty index type,
and write Set for the type of sets. The indexed intersection is the function

inter/: (I — Set) > Set=Aw— {x|Viel, z e A®)}.

Its input A is an [indexed family| of sets

LaTeX: \idxinter (A)

Convention 6.1 (Indexed Intersection Notation). rconv:indexed-intersection-notation] For thefindexed
intersection function, we write

[(A) = infer(A).

The domain of A determines all the indices included. For a sequence A : N — Set and m,n € N
with m <mn,let J ={k € N|m <k <n}. We also write

[(A) =linter((k : .J) — A(k)).

m
Thus the bounds are inclusive. For example,

3
((A) = A(1) N A(2) N A(3).
1
The same bounded notation applies when the sequence starts at 1, provided m > 1

LaTeX: \bigcap (A)
LaTeX: \bigcap _m~n(A)

Definition 6.3 (Union). raet:union) For sets A and B,
reAUB <= rvcAorxzc B

Definition 6.4 (Indexed Union). raes:indexea-union] Let I be an index type. The indexed union

is the function
union/: (I — Set) > Set=A— {x | e,z € A®)}.

Its input A is an [indexed family| of sets. If I is empty, then union(A) = ()

LaTeX: \idxunion (A)

Convention 6.2 (Indexed Union Notation). [conv:indexed-union-notation] For the |indexed union|

[function], we write

U(A) = lunion(A).
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The domain of A determines all the indices included. For a sequence A : N — Set and m,n € N
with m <mn,let J ={k € N|m <k <n}. We also write

|J(A) = fmion((k : J) — A(k)).

Thus the bounds are inclusive. For example,

O(A) — A(1) U A(2) U A(3).

1

The same bounded notation applies when the sequence starts at 1, provided m > 1

LaTeX: \bigcup (A)
LaTeX: \bigcup _m~n(A)

Definition 6.5 (Complement). [des:compienent] Given a universal set U and A C U, the comple-
ment of A is A° = U \ A; equivalently,

reA = ax¢gA

Definition 6.6 (Set Difference). raet:set-aiserence] For sets A and B,

r€A\B < rz€Aandx ¢ B
Definition 6.7 (Subset). [des:susset] For sets A and B,

ACB < foreveryz, €A — z€B

Definition 6.8 (Set Equality). faet:set-equatity] For sets A and B,

A=B < ACBand BCA
Theorem 6.1 (De Morgan’s Laws). [thn:de-norgan-1aws] For sets A and B in a universal set U,

(ANB)=A°UB° and (AUB)°= A°NB°.

For an|indexed family A : I — Set with I nonempty and A(i) C U for every i € I, also

(M) =Ua = 4@, (Uw) =Ne - a6

Example 6.1 (Nested Sequence). [eg:nested-sequence] Let

ANy — Set=n+— {keNy|n <k}

For example, Ay ={1,2,3,...} and Ay = {5,6,7,...}. Since A(1) D A(2) D - -, this is a nested
sequence of sets. Moreover,

Uy =40 =N, 4 =0

The union equals A(1) because every A(n) is contained in A(1). The intersection is empty because
each p € Ny is excluded by A(p+ 1)
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7 Mapping
Definition 7.1 (Mapping). [det:nappingl A mapping f : A — B is a set of rule st.:

Vee A,y = f(z) e B+ Vre A Jly € Bst. (z,y) € f
Definition 7.2 (Domain). rdaet:donain) The domain of a mapping f: A — B is the set A

Definition 7.3 (Codomain). [des:codomainl The codomain of a mapping f : A — B is the set B

Definition 7.4 (Range). rdaes:rangel The range of a mapping f: A — B is a set C' such that:
C={y:Jx e A, st. y=f(x)}

Remark 7.1 (Range and codomains are different). [rem:range-and-codomains-are-different] The is
a subset of [codomainl Notice that some of the values in the [codomainl is not reachable

For example,

f=2R—=R
The codomain is R but the range is Ry
Let B = {tt, ff} denote the set of Boolean values

Definition 7.5 (Injective Mapping/One to One Mapping). [daet:injective-napping] A mapping f :
A — B is called injective or one to one if

f(@1) = f(x2) = @1 =29

equivalently,

T # 1y = f(21) # fl22)

Example 7.1. The following is an injective mapping:
f:B—Z, tt— 0, ff—1

Definition 7.6 (Surjective Mapping/onto Mapping). [aet:surjective-mappingl A mapping f: A — B
is called surjective or onto if
Yy e B,3x € A, st. f(x) =y

equivalently,
Range(f) = B

Example 7.2. The following is a surjective mapping:

tt, n =20,

g:7Z— B, g(n):{ﬁ 040

Definition 7.7 (Bijective Mapping). [ae:bijective-mapping] A mapping f : A — B is called bijective
if it is both [injective| and [surjective]

Example 7.3. The following is a bijective mapping, so it is also injective and surjective:
h:{0,1} = B, 0—tt, 1—ff
8 Distance

Redirect (Distance) [aet:aistance]
Moved to |definition distance.
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9 Bounds

Definition 9.1 (Bounded Above). [det:bounded-above] A set A is bounded above in the universe U
if
dbeUVae A,a<b

Such b is called an upper bound of A

Definition 9.2 (Bounded Below). raet:boundea-verow] A set A is bounded below in the universe U
if
dbeUVNae A,a>b

Such b is called a lower bound of A

Definition 9.3 (Least Upper Bound/Supremum). [des:supremunl § is the least upper bound or
supremum of a set A if

1. s is an upper bound of A

2. Vb is an upper bound of A, s <b

LaTeX: \sup (A)

Proposition 9.1 (e-Criterion for the Supremum). [prop:epsilon-supremm] Let F' be an ordered field,
let A C F be nonempty, and let s € F. Then s =gup A if and only if
1. s is an upper bound of A; and
2. for every € € Ky, s — € is not an upper bound of A
Equivalently,
Vee A, x<s,

s=Rup A <=
Vee Ky, dreAst s—e<uw

Proof. In order to proof e-Characterization of the Supremum, we need to proof both directions
are true

(a):

Vee A, x<s,

s=pup A =
VeeFy, dreAst. s—e<zx

According to the|definition of supremum| we know that s is an upper bound of A, ie,Vr € A, x < s
Take arbitrary e € F with ¢ > 0. Bylemma 3.2} s =s—¢, s’ <s

Again, according to the|definition of supremuml we know Vb is an upper bound of A, s < b. Since
s’ < s, we have that s’ is not an upper bound of A

Therefore, s = s — ¢ is not an upper bound of A. According to the [definition of upper bound]
dreA,r>s = dr>s—¢

So, (a) part is proven

(b):

{V$€A, r < s,
— s =pgup4

Vee by, dreAst. s—e<u

Assume Vo € A, z <sand Ve € F,, dr € Ast. s— e < z, and suppose for contradiction
that s # gup A

From Vo € A, x <s, it follows that s is an upper bound of A

If s #£pup A, then there exists an upper bound b of A such that b < s. Let e = s —b > 0. By the
assumption, there exists x € A such that s — e < x. However, s —e =s— (s —b) = b, so b < z,
contradicting that b is an upper bound of A

So (b) is proven O

Definition 9.4 (Greatest Lower Bound/Infimum). r(aet:intinun) ¢ is the greatest lower bound or
infimum of a set A if
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1. 7 is a lower bound of A
2. Vb is a lower bound of A, 1 > b

LaTeX: \inf (A)

Proposition 9.2 (e-Criterion for the Infimum). (prop:epsilon-intimml Let F' be an ordered field,
let A C F be nonempty, and let i € F'. Then i =inf' A if and only if
1. i is a lower bound of A; and
2. for every € € Fy, i + ¢ is not a lower bound of A
Equivalently,
Vee A, i<
i=MfA « {750 =T |
Vee Ky, dreAst x<i+e
Convention 9.1. We use the notation sup/A to denote the supremum of a set A and inflA to
denote the infimum of a set A

Remark 9.1 (Supremums and Infimums are unique). [rem: supremum-infimum-uniqueness] If a set A has
a supremum, then it is unique. If a set A has an infimum, then it is unique

Pf. Supremums are unique. Assume there are 2 supremums for set A, s1, 5. Where s1 # s9
Since Vs is an upper bound of A, s; < s, also s < s

Notice that s; is an upper bound of A, and ss is a least upper bound, so sy < s7

Also, s5 is an upper bound of A, and s; is a least upper bound, so s; < s

Trivially, s; = s9. Contradicts with s; # s9

So there are no multiple supremum. Supremums are unique for each set O

Proposition 9.3 (Extrema Agree with Infimum and Supremum). (prop:estrena-and-bounas] Let X
be altotally ordered set, and let S C X be nonempty

1. If S has a[minimuml, then its [infimum| exists and
min(.S) = inf(9)

2. If S has a then its exists and
max(S) =sup(S)

Proof. TODO O

Definition 9.5 (Bounded Set). [daet:boundea-set] A set A is bounded in the universe U if it is both
Ibounded abovel and [bounded belowl

10 Axiom of Completeness

Definition 10.1 (Complete Ordered Field). [des:compiete-orderea-tie1al A complete ordered field is
an ordered field F' such that every nonempty set A C F that is [bounded above has a
bound in F

Remark 10.1 (Hierarchy of Order Structures). [rem:order-structure-nierarchy] Just now discussed the
four ordered structures, each strictly extends the previous one and unlocks one new capability.
When stating a theorem, use the weakest tier that suffices
° : comparison via < (reflexive, antisymmetric, transitive). Minimal and maxi-
mal elements make sense when they exist
e [Total order} adds totality, so any two elements are comparable. This is the minimum needed

to define [intervals
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° adds the field operations +, —, - compatible with <. Enables [absolute value]
distance, and e-arguments

e [Complete ordered field: adds the [Axiom of Completeness. Suprema and infima of bounded
sets exist, and limit-existence results (e.g. NIP) require this tier

Axiom 10.1 (Axiom of Completeness). (axm:acc] FEvery nonempty set A C R that is
has a[least upper bound in R

Remark 10.2 (Identification with the Reals). [rem:compiete-ficld-identification] Every
F is structurally equivalent to R: there is a unique bijection F —| Rl preserving
addition, multiplication, and order. Whenever F'is complete, we identify it with R through this
correspondence

Lemma 10.1 (Supremum-Infimum Equivalence). [1en:suprenun-intinun-equivalence] Let F' be an or-
dered field. The following statements are equivalent:

1. Every nonempty set A C F that is bounded above in F' has a supremum in F

2. Every nonempty set A C F' that is bounded below in F has an infimum in F
Consequently, the|definition of a complete ordered field may equivalently use the infimum property.
In particular, [the Axiom of Completenesd is equivalent to the assertion that every nonempty subset
of R bounded below has an infimum in R

Proof. First assume the supremum property, and let A C F be nonempty and bounded below.
Define
—A={-a:a€ A}

Then —A is nonempty and bounded above, so let s =gup(—A). For every a € A, we have —a < s,
and hence —s < a. Thus —s is a lower bound of A. If £ is any lower bound of A, then —/ is an
upper bound of —A. Therefore s < —/, so ¢ < —s. Hence —s =linf A

Conversely, assume the infimum property, and let A C F' be nonempty and bounded above. Then
—A is nonempty and bounded below, so let i = inf(—A). For every a € A, we have i < —a, and
hence a < —i. Thus —¢ is an upper bound of A. If u is any upper bound of A, then —u is a lower
bound of —A. Therefore —u < i, so —i < u. Hence —i = sup/A O]

Remark 10.3 (Integers and Natural Numbers). [ren:integers-naturais-not-tie1ds] Neither |Z nor N is a
field, so neither can be called a complete ordered field. As ordered sets, however, their nonempty
subsets that are bounded above have greatest elements

Example 10.1. If A = % :n € Ny, then sup/A = 1 and inf A = 0. Although it has a infimum, it
does not have a minimum since 0 ¢ A

Corollary 10.1 (Supremum and Infimum Existence in R)). [cor:supremum-infimum-existence] Fvery
nonempty set A C R that is|bounded above has a|least upper bound in R and every nonempty set
A C R| that is|bounded belou] has a|greatest lower bound in R

Proof. The supremum statement is [the Axiom of Completeness, and the infimum statement fol-

lows from [[emma 10.1] O

Remark 10.4 (Intuition for Completeness). [rem:intuition-for-completeness] We can have a Set, let’s
say,

S={reQ:r* <3}, wherer cQCR

Although the set S is bounded above in Q, it does not have a supremum in Q. According to the
[AoC| we know that 3s € R, s =sup/S. This means we can find a number that can be described
as the least upper bound a subset of rational numbers which is not in the rational numbers
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11 Irrational Numbers
Lemma 11.1 (Parity of a Square). [ien:square-parity] For every n € 7,
n? is even <= n is even,

and equivalently,
n? is odd <= n is odd

Proposition 11.1 (NO Rational Square Root of 2). [prop:no-rational-square-root-of-two] There is no
q € Q such that ¢*> =2

Proof. Suppose, for contradiction, that some ¢ € Q satisfies ¢> = 2
According to the [proposition 1.1} and ¢ € Q

Ip,r € Zq="Lr>0gd(p]r) =1
;

Then we have

2
<Z—9> =2 = p? =27
r

Since p? is even, the [square-parity lemmal implies that p is even. Therefore,

7, p=2k

So,
(2k)* = 2r* = 2k* =77

By the same argument, r is also even. Meaning that both p and r are even, which contradicts
the assumption that ged(|p|,r) =1

So, it contradicts the assumption that ¢ € Q satisfies ¢> = 2. Therefore, there is no ¢ € Q such
that ¢ = 2 O

Remark 11.1 (Larger Number System). [rem:sqrt-two-larger-numver-systen] Within Q, the proposition
only says that the equation ¢> = 2 has no solution ¢ € Q. Writing /2 ¢ Q presupposes a larger
number system in which V2 exists

Remark 11.2 (Completeness). [ren:rational-incompletencss] The existence, in a larger number system,
of some z ¢ Q) satisfying 2> = 2 does not by itself prove that Q is incomplete. Incompleteness
must be demonstrated internally by finding a nonempty subset of Q that is bounded above in Q
but has no supremum in Q, as in [Proposition 11.3|

Convention 11.1 (Irrational Numbers). [conv:irrational-numbers] We use [ to denote the set of
irrational numbers

LaTeX: \II

Remark 11.3 (Number Sets). [rem:number-sets-inclusions-real] The set of real numbers R|is the union
of the set of rational numbers (Q and the set of irrational numbers I:

R=QUI
Also, in normal conventions, we have:

NcZ cQcR

LaTeX: \RR
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Proposition 11.2 (Integer-Irrational Root Dichotomy). [prop:nth-root-dicnotonyl Forxz,n € N with
n>1, Yz € Z if x is a perfect n-th power, and otherwise {/x € 1

Remark 11.4 (Sources of Irrational). [rem:sources-of-irrational]
e By |proposition 11.2, {/x is irrational whenever z € N, n > 1, and z is not a perfect n-th
power
e Taking logarithms
e Constants defined by taking limits, such as 7 and e

Remark 11.5 (Irrational Numbers Are Not Closed). [rem:irrational-not-closeal The irrational num-
bers are not closed under addition, multiplication, or exponentiation. For example,

V24 (=V2)=0,  Vv2-V2=2  (V3)mi=2

where all the inputs are irrational. Although 7, e € I, it is not known whether either 7 + e
or 7e is irrational; both are expected to be transcendental. By contrast, ¢™ has been proved
transcendental, and is therefore irrational

Proposition 11.3 (The Rational Numbers Are Not Complete). [prop:rationals-not-comprete] Q) is
not a[complete ordered field. In fact, the set

A={qeQ:¢ <2}

1s nonempty and bounded above in Q|, but it has no supremum in |(Q

Proof. The set A is nonempty because 1 € A. It is bounded above in Q by 2: if some ¢ € A
satisfied ¢ > 2, then ¢®> > 4 > 2, contradicting ¢ < 2
Suppose, for contradiction, that A has a supremum s € Q. Since 1 € A, we have s > 1
First suppose s? < 2, and define
2— g2
T 25+2
Then h > 0; moreover, s > 1 implies h < 2. Hence

(s+h)*> =s*+h(2s + h)
< 8+ h(2s+2)
=2

e Q.

Thus s +h € A, but s + h > s, contradicting that s is an upper bound of A. Therefore s? « 2
Now suppose s? > 2, and define

s2—2

h= 2s

e Q, t=s—nh.

Then h > 0, so t < s, and

5 >0, tP=(s—h)?=2+h*>2.
S

If some q € A satisfied ¢ > ¢, then ¢ > ¢ > 0 and
¢ —t*=(—-t)(g+1)>0,

so ¢? > t? > 2, contradicting ¢ € A. Consequently every q € A satisfies ¢ < t, making ¢ an upper
bound of A. This contradicts the minimality of s, because ¢t < s. Therefore s? % 2

By totality, s> = 2. This contradicts the fact that no rational number has square 2, Hence A has
no supremum in [QQ, so () is not complete O
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