1 Intuition of Quantum Mechanics
1.1 Wave & Wave Function
Wave

Ae =27 T =27

De Broglie Relation:

h h 0

Schrodinger Equation: (U is the wave function)

0 h? O

Y
tha t (@.1) =  om Ox2

3 —U(x,t) + V(x)U(x,t)

1.2 Complex Number

Euler’s Formula:
et = e%(cosb +isinb), a€R,bER
Complex Conjugate:

z=a+ib Z=a—ib |z=z2"=a>+V", a,beER
c=e") — () = (¢ CeC,a,beR

Trig <+ Hyperbolic: (a € C)
sin(ia) = isinh(a) = sinh(a) = —isin(ia)

cos(ia) = cosh(a) = cosh(a) = cos(ia)

1.3 Probability

Gaussian Integral: (a > 0)

,az dr = \/7 / 7ax dr = _\/7 / 2n+l —az? dr =0

Axiom of Probability:

plast) = (B [ plat)ds = (v]e) =1
| 1
(U|U) = C # oo or 0 (normalizable) = V(z,t) — ﬁ\ll(x, t)

Expectation Value:
(O) = (V|OW), oo =+/(0?) —(0)2, O € observable
Commutator:

comm(A, B) = [A, B] = AB — BA Use test function

(12)

(13)



Uncertainty Principle:

1 h
0405 > g|(comm(A, B))| = 0.0, > 5 (14)
1.4 Probability Current
Probability Density:
d [° h oV ov*
— t)dr = t)— J(b,t t)=— | V'— — U 1
& [ otetias = e - 500 = s = o (w5 -wEE)
Continuity Equation:
dp 0J . .
a2 + et 0 (Conservation of Probability) (16)
Plane Wave
ikx hk 2 .
P(r) =A™ = J = —|A|" >0 (Incident from left) (17)
m
. hk
Y(z) = Be ™ — J=——|B]> <0 (Incident from right) (18)
m
Transmission & Reflection Coefficients:
| Jtransmitted | | Jreflected|
T=———+—7— R="—F"—""— 19
‘ Jincident ’ ‘ Jincident ’ ( )

2 Solving Schrodinger Equation

2.1 TISE

Separation of Variables:

NP ih do(t)  —g " +V(@)(x)
U(z,t) = v(z)ot) = o0 A e =FE (20)

Time-Dependent Part:

i _iBt

$(t) = e i = U(z,t) = P(x)e” " (21)
Time-Independent Schrodinger Equation:
n? d?

2mda?

U(z) + V(2)p(x) = Bd(x), Hi(x) = Ey(x) (22)
Existance of Minium Energy:

)~ V(@)= BV, B < Viiw — sign() — sign() — o blows up!  (23)
— ) = x) — i sign(——) = sign ows up!
2m da? ’ S z? & P

If £ < V,,;» the solution is exponentially divergent and not physically acceptable. Therefore
allowed energies must be bounded below.

Scattering State:

L~ (V@)= BY, B> Vow — sign(2) £ sign(®) — v oscillates! (24

— ) = x) — maz sign(——) # sign oscillates!

2m da? ’ S a2 &

E > V... will cause ¢ to oscillate, so it is called scattering state. Without linear combina-
tion with 2 linear independent states, it is not normalizable.



2.2 Infinite Potential Well

Condition:
0, O<zx<
V(z) = { ’ v _ ‘= Y(z)is a C° function.
o0, otherwise
Equation:
lim ¢(z) = lim ¢¥(x) = lim ¢(z) = lim ¢(x) =0
z—0t z—0~ z—a™t T—a~
Solution:
. . 2mE
U(z) = Ae™*™ + Be™**  where k = 7;;

5 2,22
@Z)n(:t):\/jsin <@>, En:nﬁ—, n €N
a a 2ma?

Expectation Values:

(z) =

a
2 3 2n2x?

2.3 SHM

Condition:

1 2,2

V(z) = MW, we R* (parameter) = (z)is a C™ function.

Ladder Operators:

1 - 1
ay = Fip + mwr) = thcu(a a—i——),comma,a =1
+ \/m( P ) + 9 ( +>

Induction: (We assume 9, (x) is an solution - base case. Similar for a_)

Hao(2) = ay (Hin(w) + hotho()) = (B + i)yt (@)

Ground State:

ato(@) =0 = wole) = (2" e

astn(@) = VAT Wi (1) a_tbu(@) = Vi1 ()

General Solution:

1 1
(o) = (s nlo) B = (4 5)
Position & Momentum:
h R hmw
=\ 9w (a4 +a-), p=i 5 (ay —a-)
Expectation Values:
h
@)=0, @)=-—"—=0n+1), =0 P)=""2n11)

, <x2>:a2(1 L) =0, () = T

(25)

(31)

(36)

(37)



2.4 Free Particle

Condition:

d? 2mE
€

Vizg) =0 = —5¢() + ap(z) =0, k= o

General Solution:

Y(z) = Ae™™ + Be ™ — w(x) = Csin(kx) + D cos(kx)

3 Continuous and Fourier Transform

3.1 Fourier Transform

Definition:

o0

]E(k‘) = \/% /_OO f(a:)e—ikxdx — f(x) = \/%/_ ]?(k,)eikxdk

3.2 Finite Potential Well

Condition:

0 0<z<
Viz)=4q" SN Y(z)is a C! function.
Vo, otherwise

Equation: (4 boundary conditions)

Ve,e € R, lim ¢(x) = lim ¢(x), lim d—w(x) =

T—ct T—c™ z—ct AT T—c™

General Solution: (Scattering, £ > V;, wave from left, B3 = 0)

Aleiklx + B1€_iklx, r <0

; , 2m(E -V,
7,0(1’) — AQezkzx + 32671k2x7 O<z<a kl — w’
Agethrz T>a
. N AW
Solutions: (Let A = 2cos(kqa) — i = + o sin(kqa))
2 1
) e ko .
9p—ikia —2(5 — k—1> sin(kqa)
Az = Ay, By = A
3 A 1 1 A 1
(14 krygmikaa (1 — k1) gikea
Ay =~ F27 A pBo=2 kI 4
2 A 1, D2 A 1
4 Vi2sin®(kya)] ™
s e )

3.3 Finite Potential Barrier

Condition:

V(z) = {VO? f<w<a — (z)is a C* function.

0, otherwise

. dy
lim ——

ko =

2mE

h2

(40)

(41)

(42)

(44)
(45)

(46)

(47)



General Solution: (Scattering, E < V{ tunneling, wave from left, B3 = 0)

Ale““” + Bleiumc7 x <0

2mE 2m(Vop — B
w(]}) = AQ@’iﬂU + Bze—l‘iw’ O<z<a k= 7, K = %
Azeth, T >a
. Mk K\ .
Solutions (E < Vj, let A = 2cosh(ka) — Z(E — E) sinh(ka)):
Qe tha —i(E + £) sinh(ka
Ag = A A17 Bl — (H kA) ( ) Al
1+ ik e~ ka 1— ik eha
AQ:%AD Bzz—( Aﬁ) Ay
4 V2 sinh?(ka) !
(U L L
AP { i 4E<VO—E>} ’

Solutions (E > Vj, replace k — —ik’, i.e. sinh — isin, cosh — cos):

ViZsin?(k'a)
1B(E ~ Vi)

2m(E — V)

—1
] . R=1-T, k= =

T = [14—

3.4 Delta Potential Well

Condition:
V(z) = —ad(z) = ¢(z)is a C° function.
Equation:
li = i
S v(e) =l 9()
o+
d d 2
Take /0  da for TISE — xlﬂ—f(@ —xlggﬁ(x) =— 212%(0)

Bound State: (FE < 0, one bound state)
A <0 mao ma?
et ! = — E = - A - B =
¢($) {Ble_,im’ T > O K h2 Y 2h2 Y 1 1 \/E

Expectation Values:

<l’> =0, <l’2> = ﬁu <p> =0, <p2> = I’k* = —2mE

Scattering: (£ > 0, wave from left)

Ajet*® 4 Biemr  x < () 2mE mao

— X ! k — = —

v(@) {AQem, x>0 V. Rm? P h2k
i3 1 1 B2

1ot Timat T ftioe

B,

3.5 Delta Potential Barrier

Condition:

V(z) = +ad(z) = (z) is a C° function.

(60)



Equation:

lim () = lim ¥(z), Tim () — lim () = +QZZO‘¢(0)

0+ z—0- z—0+ dx z—0— dx

Scattering: (E > 0, wave from left, no bound states)

Ae* 4 Bie7kr 1 <0 2mE mao
—if 1 1 52
YTt P ayiptt 14 % r 14 B2

(61)



