Chapter 8: WKB Approximation

Quantum Mechanics

1 Tunneling: Intuition and Terminology

Remark 1.1 (Physical Picture of Tunneling). rren:tunneling-intuition] TODO

Convention 1.1 (Classically Allowed Region). [conv:alioved-region] For fixed E and V, the posi-
tions z satisfying £ > V (z) form the classically allowed region

Convention 1.2 (Classically Forbidden Region). [conv:torbidden-region] For fixed E and V, the
positions z satisfying E < V(x) form the classically forbidden region

Definition 1.1 (Turning Point). fae:turning-point] For fixed E and V, a turning point is a position
x1 satisfying
V(.Tl) =F

Definition 1.2 (Simple Turning Point). [det:simple-turning-point] A [turning point| x; is simple if
D(V)(z1) #0

Definition 1.3 (Transmission COGfﬁCith). [def:transmission-coefficient] TODO

2 WKB Wavefunctions in the Allowed Region

Definition 2.1 (Classical Momentum Function). [des:ciassical-nonentun] TODO

Hypothesis 2.1 (SlOle Varying Amphtude). [hypo:slowly-varying-amplitude] TODO

Theorem 2.1 (Allowed-Region WKB Form). [tan:wib-aiioved-region] On an|allowed interval I, let
p(z) = \/2m - (E —V(x)) and fiz vy € I; for slowly varying amplitude, the WKB branches are

A ' x
Yy :R— (I — C), A z»—)—-exp(:l:i-[D_l(p)] )
p() h "
Proof. TODO L
Remark 2.1 (Validity of the WKB Approximation). [rem:wib-vaiiaity] TODO

Theorem 2.2 (Quantization Between Two Infinite Walls). [tmn:nard-waii-quantization] TODO
Proof. TODO ]

3 WKB Wavefunctions in the Forbidden Region

Definition 3.1 (Forbidden-Region Momentum Magnitude). [des:forbidden-nomentun) TODO

Theorem 3.1 (Forbidden-Region WKB Form). rtnn:wkb-forbidden-region] On a|forbidden interval
[0,a], let g(x) = \/2m - (V(x) — E); neglecting the growing term, the WKB family is

Yaee : R = ([0,a] — R), D +— (xr—) f(x) - exp (_% [D—1<q)]g)>

Proof. TODO n
Definition 3.2 (Barrier Action). [det:barrier-action) TODO

Theorem 3.2 (Leading WKB Tunneling Probability). rtan:wxb-transnission] TODO

Proof. TODO O]

Remark 3.1 (Abrupt Boundaries and Transmission Prefactors). [rem:transmission-prefactors] TODO



4 Gamow’s Theory of Alpha Decay

Remark 4.1 (Alpha-Decay Barrier Model). [ren:aipha-decay-barrier; TODO

Theorem 4.1 (Barrier Penetration in Alpha Decay). rthn:aipna-decay-penetration] TODO

Proof. TODO O
Remark 4.2 (Escape Attempts and Decay Rate). [rem:aipha-decay-attempts] TODO

Theorem 4.2 (Gamow’s Estimate of the Decay Lifetime). rtnn:ganou-1itetine] TODO

Proof. TODO n

5 Airy Equation
The endpoint oo denotes an improper integral, real-analysis

Definition 5.1 (Airy Function Ai). [det:airy-ai]

1 3 >
Al:R—o>R=2+ —- {D_1<s»—>cos(s—+s-z>)}
T 3 0

Definition 5.2 (Airy Function Bi). (aes:airy-bi]

, 1 . 53 (s >
Bi:R—-R=z+— —-|D s—exp|——=+s-z)+sin| =4+s-2
s 3 3 0

Theorem 5.1 (Airy Equation and Solutions). rthn:airy-equation-solution] For twice-differentiable
y: R — C, the Airy equation

D*(y)(z) =z-y(z) (2 €R)
has general solution
y:R—>C=zw—a-Ai(z)+bBi(2), a,beC
Proof. TODO O

Theorem 5.2 (Airy Asymptotic Forms). [thn:airy-asymptotics] For z > 0,

. 1 2
AI(Z) ~ W - exp <—§ . 23/2) R

: 1 2
Bi(z) ~ N exp (§ : 23/2)

For 2z < 0,
~ 1 (2 32 T
Ai(z) ~ N e sin (3 (—2) 4) ,
1 2 T
B ~ 2324 2
i(z) N SN cos (3 (—2)°= + 4)

Proof. TODO O]


https://notes.rua.rs/quantum-mechanics/ch08.pdf#nameddest=notes.def.airy-ai
https://notes.rua.rs/quantum-mechanics/ch08.pdf#nameddest=notes.def.airy-bi
https://notes.rua.rs/quantum-mechanics/ch08.pdf#nameddest=notes.def.airy-ai
https://notes.rua.rs/quantum-mechanics/ch08.pdf#nameddest=notes.def.airy-bi
https://notes.rua.rs/quantum-mechanics/ch08.pdf#nameddest=notes.def.airy-ai
https://notes.rua.rs/quantum-mechanics/ch08.pdf#nameddest=notes.def.airy-bi
https://notes.rua.rs/quantum-mechanics/ch08.pdf#nameddest=notes.def.airy-ai
https://notes.rua.rs/quantum-mechanics/ch08.pdf#nameddest=notes.def.airy-bi

6 Turning Points and Connection Formulas

Remark 6.1 (Airy Functions and Overlap Matching). [rem:airy-matching] TODO
Theorem 6.1 (Upward—Sloping Connection FOTHIUI&). [thm:upward-connection-formula] TODO
Proof. TODO O]

Theorem 6.2 (Downward—Sloping Connection Formula). [thm:downward-connection-formulal Let V' be

smooth near x1, with
V($1> = E, D(V)(.’Ifl) <0

Sufficiently close to x1, the [forbidden] and [allowed regions are

r<zy: V(z)>FE (forbidden),
r>x: V(z)<E (allowed)

Write g(x) = /2m - (V(x) — E) on the forbidden side and p(x) = /2m-(E —V(z)) on the
allowed side. On an interval I about x1 with these regions, the connected WKB approximation is,
for D € C,

I\ {x} - C

D 1 1
e (<5 @), o<

_ q(z)
o 2D (1 e T e
= - sin (ﬁ -[D (p)]xl + 4> , > 11

The prime labels the approximation; these WKB forms apply away from the turning point

Proof. Choose d > 0 so the forbidden and allowed intervals are
Ir =[xy — 0, 21), Iy = (21,21 + 6]

Write q(z) = v/2m - (V(z) — F) on Ip and p(z) = \/2m - (E — V(z)) on 14, with B,C,D € C
Choose the WKB branch that decays towards the left in the [forbidden region}

=z D - ex L g
wF.IF—>(C: — q(;p) p( A [D (Q)}z)

In the jallowed region| use both WKB branches:

I T U R

O exp (-% - [Dl(p)];»

The factors 1/4/¢q(x) and 1/4/p(x) diverge as x approaches x; from their sides, so these WKB
forms fail near the turning point; a local matching solution is needed

Seek a local patch
wp : [$1—(5,I’1+(5] — C

Choose x1 £ in the overlap regions; to match the wavefunction and its one-sided first derivatives,
require



According to TISE, for z € (x; — §, 21 + 9),

_;_m -D*(¢p) (@) + V(2) - p(z) = E - ¢p(z)

First-order Taylor expansion about the gives
V(z) = V(x)) + D(V)(x1) - (x — 1) = E+D(V)(21) - (x — x1)

Substitute into TISE and cancel E - p(z):

o D)@ + (B4 D)) (x— o)) - bp(e) B ()
DA (x) + D(V)(a) - (2~ 1) () 0

Since D(V')(z1) < 0, define

Then
D*(p)(x) +a’ - (z — a1) - p(z) ~ 0
) _

D*(Wp)(x) = —a* - (z — 21) - Yp(2)
Set z = —a - (z — x1) and write ¥p(x) = y(z); the chain rule gives
D*(¢p)(x) = a* - D*(y)(2)

ot Diy)(z) oz y(z) = D y)(z) =z y(2)

By the [Airy general solution| the local approximation is

Yp(z) ~a+Al(—a- (x — 1)) + b Bi(—a- (z —x1)), a,beC

Use the [Airy asymptotic forms| in overlap regions where |z| > 1 while the linear approximation
to V remains valid
On the forbidden side, x < z; and z > 0:

1 o 2
gy mhavE o D) A S
1 a _2,3/2 b 2,3/2
wP( ) 21/4 2\/’7_1' e + ﬁ ’
1 D 2,3/2
Yr(x) TR el
Matching the decaying and growing coefficients gives
a D
Qg/E NG
—
VLS
Hence 5
a= v b=0

\/ﬁoz’
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On the allowed side, x > x; and z < 0:

1 A A
valo) ™ e B3I 0B
. a . —Z
Using
b—1 9 b+ ;
a-sinf +b-cosf = it —;m-e_w
and matching the two oscillatory coefficients gives
B b—1a in /4
= - e
Vh-a  2y7
C b+ia in/d
= - e
Vh-a 27
Substituting a, b gives
B=Vh -«a- L. il . elm/A
27 Vh-a
——i-D. ei7r/4 —D. e—i7r/47
C=ia —_ T D s

2v7 Vi-a

:Z-.D'e—iﬁ/4 _ D'€i7r/4

Substituting back into the local patch gives

wpm(ajl—> N

2\/m- D

~Ai(—a~(x—x1))>

Substituting B, C' into the allowed-region form gives

ot (3 )

_l’_
Cb@
"
~
Ny
@D
4
o
|
|
-,

L
S
N——
| I |

D
vale) p(x)
2D 1
p($) COS (—
2D 1
= p(x) Sin (—

Combining ¥ and 14 gives the stated v’
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